Abstract: A Lorentz surface of an indefinite space form is called a parallel surface if its second fundamental form is parallel with respect to the Van der Waerden-Bortolotti connection. Such surfaces are locally invariant under the reflection with respect to the normal space at each point. Parallel surfaces are important in geometry as well as in general relativity since extrinsic invariants of such surfaces do not change from point to point. Recently, parallel Lorentz surfaces in 4D neutral pseudo Euclidean 4-space E 4 2 and in neutral pseudo 4-sphere S 4 2 (1) were classified in [14] and in [10] , respectively. In this paper, we completely classify parallel Lorentz surfaces in neutral pseudo hyperbolic 4-space H 4 2 (−1). Our main result states that there are 53 families of parallel Lorentz surfaces in H 4 2 (−1). Conversely, every parallel Lorentz surface in H 4 2 (−1) is obtained from the 53 families. As an immediate by-product, we achieve the complete classification of all parallel Lorentz surfaces in 4D neutral indefinite space forms.
Introduction
Let E denote the pseudo-Euclidean -space with the canonical pseudo-Euclidean metric of index given by 0 = − ( 1 ) is a rectangular coordinate system of E . We put
where is the indefinite inner product on E +1 . S ( ) and H (− ) are complete pseudo-Riemannian manifolds with index and of constant curvature and − , which are called pseudo -sphere and pseudo-hyperbolic -space, respectively. These E S and H are known as indefinite space forms. In particular, E 1 S 1 and H 1 are called Minkowski, de Sitter and anti-de Sitter spacetimes in relativity, respectively.
The needs of physics aside, Lorentzian geometry is of mathematical interest for its unique causal structure. One may wonder whether any other indefinite signature warrants special attention beyond the general theory of pseudoRiemannian geometry. Neutral signature is indeed of special interest for, while an indefinite geometry, it retains many interesting parallels with Riemannian geometry. Such parallels are particularly evident in four dimensions, where the Hodge star operator is involutory for both positive-definite and neutral signatures. Thus, both signatures possess the decomposition of two-forms into self-dual and anti-self-dual parts, without the need to complexify as in the Lorentzian case.
Parallel surfaces are those which have parallel second fundamental form. Such surfaces are locally invariant under the reflection with respect to the normal space at each point (cf. [1, 15, 22] ). Moreover, extrinsic invariants of a parallel surface do not change from point to point. Hence, parallel surfaces form a natural and important family of surfaces in geometry as well as in general relativity.
For the classification of parallel surfaces in Riemannian space forms, we refer to [1, 4, 15, 23] . Some special families of parallel surfaces in indefinite space forms were studied in [1, 16, 17, 19] . The full classification of parallel Lorentz surfaces in 4D Lorentz space forms was achieved in [14] (see Theorem 3.2) . Recently, parallel Lorentz surfaces in 4D neutral pseudo Euclidean 4-space E 4 2 , in neutral pseudo 4-sphere S 4 2 (1), and in 4D indefinite space forms with index 3 were classified in [14] , [10] and [9] , respectively.
In this paper, we completely classify parallel Lorentz surfaces in the neutral pseudo hyperbolic 4-space H 4 2 (−1). Our main result states that there are 53 families of parallel Lorentz surfaces in H 4 2 (−1). Conversely, every parallel Lorentz surface in H 4 2 (−1) is obtained from the 53 families. Consequently, we achieve the complete classification of all parallel Lorentz surfaces in 4D neutral indefinite space forms.
Preliminaries
Let R ( ) be a pseudo-Riemannian -manifold of constant sectional curvature and with index . The curvature tensor R of R ( ) is given byR
A vector tangent to R ( ) is called space-like (respectively, time-like, or light-like) if > 0 (respectively, < 0, or = 0 and = 0).
A surface is called Lorentz if its metric is Lorentzian. Let ψ : M → R ( ) be an isometric immersion of a Lorentz surface M into R ( ). Denote by ∇ and∇ the Levi-Civita connections on M and R ( ), respectively.
For vector fields X Y tangent to M and vector field ξ normal to M, the formulas of Gauss and Weingarten are given respectively by (cf. [2, 3, 20] ):∇
where ∇ X Y (respectively, −A ξ X ) is the tangent component and (X Y ) (respectively, D X ξ) the normal component of ∇ X Y (respectively,∇ X ξ). These formulae define the second fundamental form , the shape operator A and the normal connection D of M.
For each ξ ∈ T ⊥ M, the shape operator A ξ is a symmetric endomorphism of the tangent space T M at ∈ M. The shape operator and the second fundamental form are related by
for X Y tangent to M and ξ normal to M.
The mean curvature vector H of M in R ( ) is defined by
The equations of Gauss, Codazzi and Ricci are given respectively by
for vector fields X Y Z tangent to M, ξ normal to M, where∇ is defined by
and R D is the curvature tensor associated to the normal connection D, i.e., [5-7, 13, 18] ).
Borrowed from general relativity, we simply call a Lorentz surface in a pseudo-Riemannian manifold trapped (resp., marginally trapped or untrapped) if its mean curvature vector is timelike (resp., lightlike or spacelike) at each point.
A lemma
The following is an easy consequence of Ricci's equation (see [8] 
It follows from (8) and (14) that the mean curvature vector of M is given by
We define one-forms ω and φ by equations: 
Parallel Lorentz surfaces in E
(7) a flat marginally trapped surface defined by
(8) a flat marginally trapped surface defined by
(9) a flat marginally trapped surface defined by
(10) a flat marginally trapped surface defined by
(11) a flat marginally trapped surface defined by
(12) a marginally trapped surface of constant curvature one defined by 
(16) a trapped surface of negative curvature − 2 defined by 
> 0; (19) an untrapped flat surface defined by 0 cosh(
> 0; (20) an untrapped flat surface defined by
(21) an untrapped flat surface defined by 
(29) a flat surface defined by
which is trapped or untrapped depending on > 1 or ∈ (0 1);
(30) a flat surface defined by
which is trapped or untrapped depending on > 1 or ∈ ( 
(33) a trapped flat surface defined by
(35) a untrapped flat surface defined by
(36) a flat surface defined by
(37) a flat surface defined by
(38) an untrapped flat surface defined by 
which is trapped or untrapped depending on > 1 or ∈ ( 1 2 1);
(41) a trapped flat surface defined by
(43) an untrapped flat surface defined by
(44) an untrapped flat surface defined by
(45) an untrapped flat surface defined by
(46) a flat surface defined by
which is trapped or untrapped depending on > 1 or ∈ ( 0 1 
which is trapped or untrapped depending on > 1 or ∈ (0 1); 
for some functions γ δ . Hence, the shape operator of M satisfies
By using Eqs. (11) of Ricci and (22), we find
Also, it follows from (21) and Gauss's equation that the Gauss curvature K satisfies
Since the second fundamental form is parallel, Eqs. (12) and (21) 
Hence, by applying φ =∇ = 0, we find from Eqs. (12), (17), (18) and (26) that ω = 0, which is a contradiction. Therefore, we must have φ = ω = 0. In particular, from ω = 0 we get K = 0.
On the other hand, it follows from φ = 0 and Eq. (23) 
Moreover, by using φ = 0, Eq. (22), and thatDξ = Dξ for any normal vector field of M in H 4 2 (−1), we obtain from Eqs. (6) and (28) that∇ 4 }, the shape operator satisfies
Since M has parallel second fundamental form, Eqs. (12) and (30) yield
From φ = 0 and the equation of Ricci, we get β = γδ By combining this with the equation of Gauss, we have
On the other hand, it follows from Eq. 
which implies ω = 0. Hence, β γ δ are constant according to (32). Now, it follows from Eqs. (30) and (33) that
with = β/γ. Moreover, since φ = 0, we derive from (31) that
By applying Eqs. (35) and (36), we find the following differential equation:
Case (b.1.1): γ > 0. If we put = 2 /2 γ = 2 with > 0, then after solving Eq. (37) we obtain
depending on ∈ (0 1) or = 1, or > 1, respectively. Case (b. 
So, after choosing suitable initial conditions, we obtain Case (9) . Case (b.1.4.2): ∈ (0 1). Substituting Eq. (44) into the system (35)- (36) gives
After choosing suitable initial conditions, we obtain Case (10). 
So, the metric tensor is given by
Hence the Levi-Civita connection satisfies
Thus, Eqs. (30), (46) and (48) 
Moreover, since φ = 0, we derive from Eq. (31) that
After solving Eqs. (49) and (50) we obtain
Thus, after choosing suitable initial conditions, we obtain Case (12) . for some real number = 0. This implies that H H = −2 . Therefore, we have either > 0 or < 0, depending on H is time-like or space-like, respectively. Consequently, the surface M is trapped or untrapped depending on > 0 or < 0, respectively. that the shape operator of M satisfies
for some functions β γ δ , Since H = 3 + 4 is a parallel normal vector field, we have φ = 0. So, after applying (53) and the equations of Ricci and Gauss, we find
Also, since M has parallel second fundamental form, Eqs. (12) and (30) yield 
Moreover, since φ = 0, we obtain from Eq. (57) that
After solving Eqs. (58) and (59) we obtain
Thus, after choosing suitable initial conditions, we obtain Case (13) . Case (c.1.2): < − 1 2 . Since K = −(1 + 2 ) > 0, we may put K = 2 with > 0. Thus, we may choose coordinates { } such that
Hence, the Levi-Civita connection satisfies
Thus, Eqs. (56), (62) and (63) 
Moreover, since φ = 0, we obtain from Eq. (31) that
After solving Eqs. (64) and (65) we obtain
Thus, by choosing suitable initial conditions, we obtain Case (14) . Case (c.1.3): > − 1 2 . Since K = −1 − 2 < 0, we may put K = − 2 with > 0. Moreover, since = 0, we have = 1. Now, we choose coordinates { } such that
which implies that the Levi-Civita connection satisfies
Thus, Eqs. (56), (68) and (69) 
with ξ = 3 + 4 . Moreover, by applying φ = 0 and (57), we havê
Now, after solving Eqs. (70) and (71) we obtain
This gives either Case (15) 
Moreover, since φ = 0, we derive from Eq. (74) that 
So, after choosing suitable initial conditions, we get Case (18).
If < 0 holds, we put = − 2 . After solving the system (75)-(76), we get
After choosing suitable initial conditions, we obtain Case (19 
Moreover, since φ = 0, we obtain from (80) that 
Thus, we have
Moreover, since φ = 0, we find from Eq. (84) that
From Eqs. (85) and (86), we get 2 and γ = − 2 with > 0, then (87) becomes
. In this case, after solving (88), we get 2 . Since > 0, we get = (1 − ). So, we must have = (1 − ), ∈ (0 1). Now, after solving the system (85)-(86), we obtain This completes the proof of the theorem.
Remark 4.1.
All of the Lorentz parallel surfaces in E 5 3 given in Theorem 4.1 are surfaces of finite type in the sense of [3, 12] .
